normal bundle of the imbedding.
From now on p will be a fixed prime number and all cohomology groups will be assumed with Zp coefficients. The set of mod-p (universal) A-characteristic classes is defined as H*(X) = proj lim H*(Xr). Let yr be the pull-back over Xr of the universal r-dimensional vector bundle. We assume that the bundle yr is Zp-orientable for all r. Further we assume that, whenever TV is very big in comparison with r, then the obvious map H*(XN) -» H*(Xr) is onto in all dimensions and it is an isomorphism up to dimension r. Let ek E Hk(X) be the unique element which goes to the Euler class (mod-p of course) of yk by the obvious map lk: Hk(X)^> Hk(Xk). (Of course the Euler class depends upon the selected Zp-orientation of yk. But our result is independent of this choice.) From now on, N will be a natural number which is taken very big compared to all other parameters and we put X = XN through the range being considered. Definition 1. Let /" E H*(X) be the set (graded) of those A'-characteristic classes which go to zero by the normal map of all «-dimensional A'-manifolds. (By "normal map" of an A'-manifold M, we mean a lifting M -» A^ of the Gauss map map of all «-dimensional k -A"-manifolds. (By "normal map of a k -Xmanifold" M, we mean the composition A/-» Xk^>XN, where the first map is lifting of the Gauss map Af -> BOk compatible with the A'-structure of the normal bundle of the imbedded manifold A7, and the second map is the obvious one.) The reader should take into consideration that in the definition above we identified the sets 77*(Ar) and H*iXN), which does no harm.
Finally, we assume that all spaces which appear in this paper are CW-complexes, having a finite number of cells on each dimension.
Our main result is the following: Computations and proofs. In this section we will prove Theorem 2. We will split the proof in several preparatory lemmas, but first of all we need some terminology.
Obviously, we are losing nothing by assuming i < n, because the higher dimensional characteristic classes vanish on all «-manifolds. Besides we can assume that 2 < k because for k = 1 our theorem has no consequence.
From now on N will be a positive integer which is very big in comparison with n and k, so it does no harm to identify H'(XN) and H'(X) for / < N, and with this understanding we call lk: H*(XN) -> H*(Xk) the obvious projection. With this identification in mind, we have ek G Hk(XN). Further we can select Thom classes UN G HN(TyN) and Uk G Hk(Tyk), so that Uk reduces to lk(ek), and UN goes to "2N~k Uk under the obvious bundle map yk + e^-* -» y^ (eN~k is the trivial
If G is any group, then its dual is defined by G* = Hom(C7, Zp). Let K be Zp, where c is the fundamental class of K. Let/,: ir^+niB) -* wjv+n(7i') be the dual of the obvious map, let j2: ir£+niB)^>ir£+nÇ2N~kA) be the dual of the map induced by the bundle map yk + eN~k -> y^, let 2: n£+n(2N~kA) -► ir*+kiA) be the dual of the suspension, and finally let/3: tr*+k(A) -* ir*+fc(v4') be the dual of the obvious map. Lemma 3.1'n = ker(/,g) and lj,k = ker(/3S/2g).
Proof. The first assertion is Lemma (2.2) of [1] ; the second one is proved analogously (see also [4] ).
Next we will study the various maps which appear in Lemma 3. / g Lemma 5. Let A^> F -» C be an exact sequence of abelian groups, so that C is finite and the elements of its p-component have order p. Then the dual sequence C* -* B* -*A* is also exact.
Proof. Let t: B -> Zp be a map so that // = 0. We will prove that there exists a map T: C ^>Zp so that Tg = t. Let Cp be the subgroup of C which consists of all elements of order p and let C0 be the subgroup of C which consists of all elements of order prime to p. Then C = C0® Cp. Let Dp = im(g) n Cp and D0 = im(g) n (iii) Let xx, x2, x3, . . ., xm be a set of elements which is an Ap-basis of H*(Z) up to dimension s. We assume that i < s. Then for every f E ir*(Z), there is at least one z E H'(Z) which is a Zp-linear combination of x" x2,.. ., xm, such that if a:
S'->Z, thenf([a]) = a*(zX[S']).
Proof. By the assumptions, there is a map Z-» product of ^(Z^'s which induces an isomorphism in Z^-cohomology up to dimension s + 1. From this all the rest follows without difficulty. is an Ap-basis of this kernel, (c is the fundamental class of K.) (iii) Let f be an element of the kernel of the map t*: ir*+kiA X Tyk) -» ir*+kiA') and let i < min{(2/fc -2), (/t + k -l)/2). 77tevt there is a y G [EJ such that, for Proof. It is easy to determine the image and the kernel of t* by applying the Kiinneth formula. Besides part (i) comes from the fact that the couple iA X Tyk, A') is (2A: + (« -/) -l)-connected and that A' is ik -l)-connected by applying homotopy excision (see [3, p. 487, 6 Corollary]). Part (ii) comes from the structure of ker(i*) described above. Part (iii) follows from Lemma 7 and the fact that XjXj = a¡UkajUk = ± a¡ajUkUk= ± a¿ajEkUk, and that the element x¡ A c ® Xj is decomposable in 77*(^4 X Ty^).
Consider the natural map 2Ar~*Tyit -» TyN which comes from the Thomification of the bundle map yk + eN~k -* yN. This map is onto in Zp-cohomology and its kernel is (ker l*)^. This map induces in an obvious way the map 2N~kTyk A K -* T^n A X, i.e. ~2N~kA -» B, which is also onto in Z^-cohomology and its kernel is (ker l^t/jv A H*(K). But this kernel is a free Ap-modale up to dimension 2(« -/') + k + I + N and there is an Ap-basis formed by elements of the form xUN A c, x runs over a basis of ker lk. From the remarks above, the following lemma follows easily.
Lemma 10. Let f be an element of the kernel of the map ttJi+n(B) -» v£+H(2N~kA). there is an element^ G [ek]' so that/>f2/2g(x -y) = 0. But (by Lemmas 4 and 3) this implies that/2g(x -y) = 0. But (by Lemma 10) this means that there is an element z of (ker 1^)' such that g(x -y -z) = 0. But Lemma 3 implies that (x -y -z) E I'n. That ends the proof.
